LETTERS TO THE EDITOR

Editor’s Note: Articles concerned with the settling of concentrated sus-
pensions have a history of being very controversial. We have sometimes
accepted such articles and encouraged discussions, as here, in Letters to
the Editor to open the issues to the entire chemical engineering community.
(Similar exchanges were published in Vol. 34, p. 1932 and Vol. 36, p. 633).

To the Editor:

I would like to make some comments
about the article titled ‘“A Two-Dimen-
sional Model for the Free-Settling Re-
gime in Continuous Thickening’’ by B.
Fitch (October 1990, Vol. 36, p. 1545).

The authors puts forward three con-
cepts. The first concept is that a thickener
can be viewed as a two-dimensional set-
tling basin coupled with a one-dimen-
sional consolidating vessel and that the
“‘area principle’’ can be applied to it. He
deduces an area principle by relating to
the area of a rectangle, with the width
of the basin and a Kynch characteristic
as sides, as well as the solid volume flux
and the propagation speed of concentra-
tion waves along the characteristic. He
claims that the principle is generally valid.
However, it is valid only under certain
assumptions that are beyond the obvious
assumption of Kynch regime. The main
problem is that the author fails to estab-
lish a relationship between this ‘‘area
principle’’ and the principle of constancy
of the solid flux-density in a steady-state
continuous thickener (consolidating ves-
sel), and therefore the whole concept of
a ‘‘two-dimensional free-settling re-
gime”’ is superfluous. Details on two-
dimensional settling basins are discussed
by D’Avila et al. (1978).

The second concept in Fitch’s article
is that there exists an upper bound for
the solid flux in a continuous thickener
and that this upper bound is independent
of the compressibility of the pulp. Even
though this concept is correct, it was first
discussed by Adorjan (1976) and there-
fore it is not new. It constitutes the es-
sence of Adorjan’s method of thickener
design (Adorjan, 1976).

His third concept is that at present no
theoretically-sound and empirically-con-
firmed procedure for designing thick-
eners exists. Following the idea that com-
pressibility does not enter into area de-
mands, he proposes to use ‘‘Tory plots™’
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(free settling rates vs. reduced height in
a settling column) to obtain the area de-
manded by a thickener by using a single
batch experiment. Let’s say that the
“Tory plots’> method is useful in ob-
taining the constitutive equation for sus-
pension in Kynch regime and finding the
area demands. It is obvious, however,
that measuring the fall of the interface
in a single batch experiment without si-
multaneously measuring other relevant
variables such as the excess pore pressure
distribution and the concentration dis-
tribution, both as functions of the height
in the column and time, will never give
sufficient information for a sound design
procedure. See Been (1981), Been and
Sills (1981b), and Tiller et al. (1990) for
more sophisticated experimental proce-
dures.

The author shows a strong mistrust in
the use of mathematics for describing the
sedimentation process. This is unfortun-
ate considering his great reputation as a
practicing engineer in the field of thick-
ening and his long-standing position as
a university professor and researcher.
This can dissuade new research workers
against adopting this approach that, I
think, will lead to a general sedimenta-
tion theory. I agree with the author that
at present no theoretically-sound and
empirically-confirmed procedure for de-
signing thickeners exists. He states that
“currently used mathematical models
have theoretical shortcomings and em-
pirically the behavior of thickening sus-
pensions deviates widely from that
predicted by the models.”” It is important
to be precise in this respect. It is possible
today to apply a general approach to de-
velop mathematical models for sedimen-
tation processes. These models are
general, physically-sound and mathe-
matically-rigorous. They provide a
framework to study the sedimentation of
any suspension. Particular behaviors,
such as compressibility and shortcircuit-
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ing, to mention only those cited by Fitch,
can be introduced via constitutive equa-
tions that have to be defined theoretically
and determined experimentally. The tools
to do this exist, and the only thing miss-
ing so far is work by enthusiastic and
well-trained researchers.

Fitch’s view of thickening reminds me
of the early approaches to thermody-
namics, so well described in the ‘“The
Tragicomical History of Thermody-
namics’’ (Truesdell, 1980) and the ‘‘Ra-
tional Thermodynamics’® (Truesdell,
1984), which deal with the double stand-
ard that an author uses when he treats
mechanics and when he uses thermody-
namics. In our case, the same can happen
when an author treats momentum, heat
and mass transfer, and falls into the
world of thickening.

To substantiate my statements I will
have to write a few equations describing
the theory of thickening, as I see it de-
veloping these days. I will show that
equations developed intuitively and
without mathematical consistency by
Fitch can be obtained easily, stating as-
sumptions and limitations from a set of
field equations. 1 will also show some
errors incurred by the author.

Let me, first, write the local balances
of mass and momentum for the com-
ponents of a flocculated mixture of a
solid and a fluid. These equations have
been accepted explicitly or implicitly by
the principal research workers in the field
of thickening, including Fitch himself.
Then, I will apply them to the case of a
two-dimensional settling basin coupled
with a one-dimensional thickener.

Local mass and momentum balances
at a steady state

By making a macroscopic balance of
mass and momentum, obtaining local
balances in regions where the field vari-
ables are continuous, and making a di-
mensional analysis, we can write the
following set of equations that represents
a dynamical sedimentation process:
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where ¢ is the volume fraction of solids;
f=¢v, is the solid flux density;
g=¢v,+(1-@)v,=v.— (1 - p)u is the
volume-average velocity; v, and v, are
the solid and fluid velocity; u=y,— v is
the relative solid-fluid velocity; T, and
T, are the solid and fluid stresses;
Ap=p,—p,is the solid-fluid density dif-
ference; g is the gravity body force; and
m is the solid-fluid interaction force.

These field variables are valid for any
suspension, for which the particles are
small with respect to the container and
of the same size shape and density. To
introduce the particular behavior of each
material, constitutive equations should
be postulated for the solid and fluid
stresses and for the solid-fluid interac-
tion force. These will describe hindered
settling (or free settling as Fitch calls it)
or flow through porous media, which-
ever is the case, and the compressibility
of the sediment, respectively.

For the assumptions implied in Fitch’s
article, Egs. 3 and 4 become:

alp)u
Vo,=Appg— T—o =Appg
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where ¢, and p, are the solid effective
stress and the excess pore pressure, re-
spectively, and ofe) is the resistance
coefficient for the solid-fluid relative
flow.

Two-Dimensional Settling Basin.
Consider a rectangular settling basin of
width W operating at steady state, where
the feed enters homogeneously at y =0,
O<x=<L. All the solid passes to the
“‘thickener”’ at x=0, 0<y=<Y, and the
overflow fluid leaves through y=1Y,
0<x=L. Since in the basin the suspen-
sion is in hindered settling (concentration
less than the critical, that is, concentra-
tion below the one for which a solid net-
work forms and where part of the weight
of the solid is supported by the solid skel-
eton), o, =0 and Egs. 1, 2, 5§ and 6 reduce
to:
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Equation 11 shows that the excess pore
pressure p, is a function of the x coor-
dinate only, therefore from Eq. 10, we
can conclude that ¢ is also a function of
the x coordinate only in those regions
where the variables (p, and ¢) are con-
tinuous. This implies the existence of only
two regions in the hindered settling do-
main: either ¢(x) or ¢ =0 separated by
a shock. Then, from Egs. 7 and 9b, the
following results:

0. an

a.x a 5. X
U, 0 3, 94

dx “ay‘ax ay 0.

Using the continuity equation (Eq. 8) for
the mixture, this equation becomes:

e 99 _

ax 7 ax 0. (12)

Multiplying Eq. 9a by ¢ and defining
the Kynch batch flux-density function £,
by:

Ao (1- )

Jox= )

, 13)

we can write:

Je=qup + o). (14)

Equation 14 gives the x component of
the solid flux density in terms of the x
component of the volume-average ve-
locity and the Kynch batch flux-density
function.

Substituting Eq. (14) into Eq. 12 yields:

a_‘P+ +afbk(‘p)_¢ %_

* dx dx ax
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Defining the transformation of coordi-
nates x=gq,I:

a
aq.t

a
(=5 ().

and if g, is independent of x (then g, is
independent of y):

a d
qxa(')—g('),

and Eq. 15 becomes:

3o Afule)
Y + I =0. (16)
Equation 16 represents the batch sedi-
mentation of an ideal suspension in a
settling column (one-dimensional model)
(Bustos and Concha, 1988).

Therefore, the steady-state sedimen-
tation in a two-dimensional settling basin
may be represented by the Kynch equa-
tion for batch sedimentation, if the fol-
lowing two requirements are made:
x=gq,t and g, is independent of x.

On the basis of these general equa-
tions, I will analyze Fitch’s article.

Area principle/thickener operation/
cross-flow model

In these sections, Fitch deduces an
equation for the ‘‘area at which the char-
acteristic planes reach the pulp-super-
nant interface’ in a settling basin.

Following Fitch’s idea, consider the
volume of solids crossing a characteristic
in batch settling. Let Q, be the volume
rate of solids crossing a characteristic of
concentration ¢, at rate v, = f;,(¢,), then:

Qs = S(vs(‘PL) + UL(‘FI,))‘PL? (17)

where S is the cross-sectional area of the
settling column. Since the characteristic
is a straight line v, = x,/¢;,

Q,=S§ (vs(soL) +)%) @1 (18)
Ly

Using the transformation x;=gq.f, to
come back to a two-dimensional model,
Eq. 18 becomes:

QS = S(fbk(ﬁpL) + q,v¢L)9
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then, using Eq. 14:

2

S=ften

19)

where x; and ¢, are the coordinates of
the point where the characteristic reaches
the water-suspension interface.

Since f, and g, are independent of x,
see Eq. 12, and at the discharge of the

thickener, f,=f3, ¢, = qp, and fp=gpep,
from Eq. 19 we have:

__ 9

qvep’

S (20)

where Q; is the volume flow rate of the
solid, and g, and ¢, are the volume-
average velocity and the concentration at
the discharge. Equation 20 relates the
thickener area to the ‘‘area principle.”’
Equation 5 in Fitch’s article is:

Using the transformation x; =gq.f;, the
following result is obtained:

0O,
A==
" g,

@1

What is the relationship between 4., and
the thickener area? Fitch does not give
it, and he does not use this concept fur-
ther in his article. Then, why introduce
the concept of a cross-flow model?

The author’s assertion in his Eq. 5 that
the area principle is valid “‘regardless of
magnitude and direction of the flow vec-
tors’’ is not true as can be seen from the
previous analysis. It is required that the
vertical component of the solid flux den-
sity and the volume-average velocity be
independent of the vertical coordinate.
Fitch’s expression ‘‘regardless of the di-
vergence of the flow vectors’ is non-
sense, since, as we saw at the beginning
for the steady-state sedimentation, the
flux density and the volume-average ve-
locity are solenoidal, that is, the diver-
gence of the flow vectors (¢ and f) is
always zero (see Eqs. 7 and 8). In the
section on ‘‘Cross-Flow Model,”’ the au-
thor repeats the same argument adding
the “‘inclination’’ of the suspension. I
assume that he refers to the inclination
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of the bottom of the settling basin. If
this is the case, the situation is more com-
plex because on inclined surfaces differ-
ent phenomena occur (Acrivos and
Herbolzheimer, 1979; Amberg and
Dahlkild, 1987).

Unit Area by Extrapolation. In this
section, Fitch gives a contradictory def-
inition of the “‘free settling rate.”” First
and correctly, it is defined as the “‘set-
tling velocity in the absence of (effective
solid) pressure gradient.”” But, later in
the Notation section, the author adds that
it is the “‘solid velocity relative to a sys-
tem in which the total flux is zero.” The
first definition includes batch and con-
tinuous settling (as it should be, since free
settling exists in both regimes), but the
second definition restricts the free set-
tling rate to batch settling. The problem
arises by calling free settling to the prod-
uct of the porosity and relative solid-
fluid velocity (the accepted name of this
term is drift velocity). The problem van-
ishes by calling free (I call it hindered)
settling velocity v,(¢) to the velocity of
the solid component (batch or continu-
ous) in the absence of the effective solid
pressure gradient. Then, the relation-
ships among the free settling velocity v,
the volume average velocity q,, and the
relative solid-fluid velocity u, are straight-
forward:

qx= Usx — (1 - ﬁo)ux (22)
For batch sedimentation ¢,=0, so that
Eq. 22 reduces to v, =(1—¢)u,, as the
second definition of Fitch.

With these reservations and assuming
that the dynamic liquid pressure used by
Fitch corresponds to the excess pore
pressure, the equation for u* in Fitch’s
article is correct, except for the missing
term c:

u* =Kg(p;— ps)c/p.

Effect of compression

Fitch’s equation for the height of the
compression zone at the end of a batch
test is wrong. It should be:

Pe ’
__l_g ‘L@d«,, 23)
Apg J,,

where ¢ is the critical concentration. The
integration must be done from the dis-
charge concentration ¢, to the critical
concentration ¢,. In Fitch’s Notation, the
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previous equations become:
Min. Compression Depth =

“fde\* S
S <£) 5-6 %

Ce

where the notation is given in his article.
The critical concentration ¢, may be re-
placed by the initial concentration c,.
Itis important to point out at this point
that Fitch uses the term critical concen-
tration in the sense of /imiting concen-
tration. These terms have been widely
accepted with their original meaning.

Notation

f
f"

solid flux density vector

vertical component of the solid flux
density vector

J, = horizontal component of the solid
flux density vector

I #

foe = Kynch batch flux density function
fp = solid flux density at the underflow
g = gravity body force
g = magnitude of the gravity force
m = solid-fluid interaction force
P, = excess pore pressure
g = volume average velocity vector
gp = volume average velocity at the
underflow
g, = vertical component of the volume-
average velocity vector
q, = horizontal component of the vol-
ume-average velocity vector
t = time
u = relative solid-fluid velocity vector
u = magnitude of the solid-fluid veloc-
ity vector
v, = fluid component velocity vector
v, = solid component velocity vector
v, = vertical component of the solid
velocity
v, = horizontal component of the solid
velocity
v, = vertical component of the fluid
velocity
vp = horizontal component of the fluid
velocity
x = vertical coordinate
y = horizontal coordinate
Q, = solid volume flow rate
§ = cross-sectional area of the thickener
T, = fluid stress tensor
T, = solid stress tensor
a(p) = coefficient of resistance for the
solid-fluid relative flow
os = solid density
or = fluid density
Ap = solid-fluid density difference
¢ = volume fraction of solids
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Reply:

Professor Concha makes one valid
point in his comments. The variable ¢
was inadvertently omitted from the
equation for #* on p. 1548. This should
be obvious from its derivation given di-
rectly above. The equation is not used in
the derivations that follow. It was intro-
duced to establish that Darcy’s law is
implicit in #* and that extrapolation on
the basis of »* is completely equivalent
mathematically to extrapolation on the
basis of K. Although some published ar-
ticles would imply the contrary, substi-
tution of variables does not change a
mathematical model, but merely gives an
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alternative way of expressing it. The
model] when expressed in terms of u* is
no less ““Darcian’’ than when X is left as
an explicit variable in its expression.
The remainder of Concha’s comments
are based on misconceptions and mis-
representations of the literature, and
misinterpretations of the subject article.
They will be responded to item by item.

Paragraph 1. Anyone who had ever
observed a thickener would be aware that
the feed zone was not one-dimensional.
Obviously neither is the compression
zone, since underflow is taken from a
single central point (Turner and Glasser,
1976). However, while a model that is
hydraulically one-dimensional may be of
some approximate relevance for the
compression zone, it will clearly not be
so for the feed zone. A two-dimensional
model for the feed zone was, therefore,
investigated. The two-dimensional model
applies only to the free-settling feed zone,
and not at all to the subjacent compres-
sion zone (as indicated by its title). With
respect to the feed zone model, no as-
sumption at all is made about flows in
the compression zone, except that the
boundary between the feed zone and the
subjacent compression zone extends over
the entire thickener area.

The area principle is deduced from a
material balance around a differential
element, bounded on the sides and above
and below by flow lines. In the deriva-
tion, no restrictions are placed on the
inclination of the flow vectors or on their
divergence. In fact, the derivations ex-
plicitly show inclination of the flow lines
(Figure 2 of my article). Therefore, there
is no such restriction on the integrated
equation that expresses the area princi-
ple. Thus, quite contrary to Concha’s
contention it is generally valid for a two-
dimensional flow in the free-settling re-
gime, regardless of the inclinations or
divergences of the flow vectors. Itis valid,
however, only for the two-dimensional
free-settling regime postulated. That is
all that is claimed for it.

Concha writes, ‘‘The main problem is
that the author fails to establish a rela-
tionship between this ‘Area principle’ and
the principle of constancy of the solids
flux-density in a steady-state continuous
thickener (consolidating vessel), and
therefore the whole concept of a ‘two-
dimensional settling regime’ is superflu-
ous.”” This is a complete logical nonse-
quitur and does not make sense. The area
principle has nothing to do with the prin-
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ciple of constancy of ‘‘flux density’’ as-
sumed in the subjacent compression
zone. It is not clear what he means here,
but apparently it is that in a one-dimen-
sional model the flux is independent of
x. This would be true only if the column
is of constant area, and it does not follow
at all that local flux is independent of y
in the superjacent feed zone. All that is
required by steady-state operation is that
the concentration at any point remain
constant, and the total solids and liquid
flows past any level be constant. This is
as true for the two-dimensional feed zone
as it is for the subjacent compression
zone. No relationship of the sort called
for by Concha has been shown as nec-
essary, and indeed none exists.

The flow patterns in the compression
zone will not actually be one-dimen-
sional, which may affect the location of
the boundary between the two zones.
This will, in turn, affect the flow patterns
in the feed zone, but will not affect the
validity of the area principle, which is
valid for the two-dimensional feed zone
regardless of its flow patterns.

Details on two-dimensional settling
basins can be found throughout the lit-
erature, particularly in the sanitary en-
gineering field, going back at least as far
as Hazen (1904).

Paragraph 2. Concha agrees that
there exists an upper bound for the solids
flux in a continuous thickener and that
this upper bound is independent of the
compressibility of the pulp. Concha
writes that this concept was expressed
first by Adorjan (1976). This indicates a
lack of familiarity with the literature. The
concepts are discussed in Fitch (1966) and
form the basis for the thickener design
method given there. They are also dis-
cussed in subsequent articles (1972, 1975,
1979, 1991). The design method of Ador-
jan is simply a mathematical variant of
the original one. It derives one of the
“‘other equations’’ deduced ‘‘de novo in
the literature’” mentioned in the article.
As noted, it starts from the same basic
assumptions as the earlier models and
solves the same problem, namely the
concentration profile through the
compression zone of a continuous thick-
ener. It uses a somewhat different math-
ematical route, but the derived equations
are mathematically equivalent and can
be interderived by appropriate substi-
tution of variables. (For this not to be
true, there would have to be a mathe-
matical error in one of the derivations.)
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Paragraph 3. Concha agrees that
there is as yet no theoretically-sound and
empirically-confirmed procedure for de-
signing thickeners. From a logical stand-
point, a sound procedure is one deduced
from valid assumptions. As noted in
Fitch (1979), there is as yet no reason to
accept that the existing mathematical
models for compression are based on
valid assumptions. There is also much
reason to suspect that they are not.

The variables that Concha says are rel-
evant and necessary for the design of a
thickener are, in fact, not at all neces-
sary. All that is needed is equations for
u* and (dx/dc)* as functions of c¢. (See
Eq. 16 in the article, or the last equation
in Concha’s letter.) The variables Con-
cha lists are implicit in these functions,
which are dimensional groups quite anal-
ogous to dimensionless number groups.
The variables K, u, p,, o5, and do/dc do
not have to be evaluated individually, if
the functions are determined experimen-
tally. Methods for determining them di-
rectly from simple and ‘‘unsophis-
ticated’’ tests are described in Fitch (1966)
and in later articles. It would seem naive
indeed to make more complicated, ‘‘so-
phisticated”’ experiments to determine
them.

The extrapolation method is not de-
pendent on Tory plots. As noted, any
extrapolation procedure could be used.
Unit areas are then determined by Kynch
methods or their mathematical equiva-
lents from the extrapolated settling plots.
Tory plots simply offer a convenient
method for the extrapolation, since the
K, range is empirically linear. The prin-
cipal merit of Tory plots, however, is that
they facilitate comparison of batch set-
tling tests made under different initial
conditions.

Paragraph 4. It is a complete mis-
interpretation of the article to infer from
it that T mistrust mathematics. What [
mistrust is not mathematics, but math-
ematicians. I have been questioning the
assumptions they have been making in
deriving their models. Every mathemat-
ically-derived model starts from a set of
assumptions and equations that purport
to model the local behavior of a proto-
type system at point in space and time.
They are usually partial differential
equations. When solved subject to ap-
propriate boundary conditions, the re-
sults predict macroscopic behavior for
the modeled systems. The mathematical
derivations show how the system would
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behave if the axiom equations were valid
or relevant. They can do this with spec-
tacular power and elegance, but that’s
all. They prove nothing about validity of
the axiom equations themselves. That has
to be established empirically. If the ax-
iom equations do not accurately repre-
sent the physical mechanisms operating,
the results of the mathematical deriva-
tions, however elegant, may not describe
what actually happens. In the present
case, for example, derivations from a
one-dimensional continuity equation
cannot describe what actually happens in
a two-dimensional region.

As computer scientists say, ‘‘garbage
in, garbage out.”’

Paragraph 5. This comment is gra-
tuitous, and its implication is false. My
models, like just about everyone else’s,
are derived from mass and momentum
balances.

Paragraph 6. Another comment with
an unwarranted implication! As those
who fully understood the literature could
attest, my publications contain no ex-
amples of equations that are ‘‘developed
intuitively and without mathematical
consistency.”” In some instances, they are
developed with the aid of logical deduc-
tions, which are just as valid and rigorous
as purely mathematical ones, and are
more fundamental. Logical rigor insures

mathematical consistency, since as math-
ematical philosophers recognize, math-
ematics is just a specialized form of
symbolic logic. However, logical deduc-
tions may seem ‘‘intuitive’’ to those with
no understanding of logic. A direct com-
parison of a narrowly mathematical ap-
proach and a logical one is given in Fitch
(1991).

Item 7. In paragraph 7 and succeed-
ing sections, Concha develops his version
of a two-dimensional model. While his
derivations are doubtlessly mathemati-
cally impeccable, they are also irrelevant
and constitute a clear-cut example of
“‘garbage in, garbage out.”

Figure 1 shows a physical interpreta-
tion of Concha’s mathematical model.
New feed enters a column or tower of
free-settling suspension, bounded by
shocks. To satisfy steady-state, the con-
centration existing at any level in the col-
umn must be such that the upward
propagation rate of its Kynch character-
istic, v, is precisely offset by the down-
ward v, velocity of the system as a whole.
Since v, = Q/A, the concentration at any
level must be such that:

A=Q/vg (1)
The area at the top of the section must

be such as to make the feed concentration
limiting. The area at the bottom must be

lower Conjugate Conceqp'aﬁon

COMPRESSIO

Figure 1. Physical interpretation of Concha’s mathematical model.

September 1991 Vol. 37, No. 9

1429



such as to make the critical concentration
for the thickener limiting. Therefore, the
area at any level must increase as depth
increases. The bounded column does not
have to be conical, as long as its area
increases with depth, but it may be. (Note
that there is an inconsistency of Notation
in the article not noted by Concha. In
the text Q is defined as total or system
flow . In the Notation section, it is de-
fined as solids flow. The former defi-
nition is the one used in the mathematical
derivations.)

There are several problems with Con-
cha’s model. We will first show a fatal
defect. If such a column were estab-
lished, as by bounding it with an im-
permeable membrane, the pressure in the
column at any level would exceed that in
the surrounding clear liquid. If the
bounding membrane were then removed,
the column would erupt into its sur-
roundings. It would slump to some other
flow pattern. The idea that the column
could be bounded by shocks was dragged
in to avoid the completely ridiculous con-
clusion that the concentration at any
depth in the thickener would be constant
over its entire area, and thus that the
concentration at the overflow would
equal that in the feed. No mechanism
warranting assumption of such shocks
was derived or exists.

While Concha’s model, if considered
to be a fluid dynamic derivation of the
flow patterns in a two-dimensional re-
gion, is scientifically unsound, his deri-
vations do constitute a confirming
instance of the area principle.

According to the area principle, every
two-dimensional flow pattern will yield
the same area demands for free settling.
Concha’s model defines a flow pattern,
which, although totally unrealistic, is a
conceptual two-dimensional one. It
should yield the same area demands as
were found in the article. Note that it
does. In Eq. 1 above, A is the area cov-
ered by the characteristic at that level and
therefore corresponds exactly to the A,
of the article. Thus, Eq. 1 corresponds
precisely with Eq. 5 of the article.

The purely hypothetical ‘‘ideal’’ cross-
flow model given in the article did not
pretend to be a valid model for the flow
patterns in an actual basin. It, too, was
simply another conceptual model, rele-
vant to actual flow patterns only through
the area principle. In fact, it was pointed
out that a precise flow model would be
extraordinarily difficult to write, but be-
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cause of the area principle, was com-
pletely unnecessary for thickener design.

No further analysis is necessary to es-
tablish that the derivations in the criti-
cism are not relevant to what is treated
in the article. In particular, they cannot
be invoked to refute any of its conclu-
sions.

Item 8. Since Concha’s mathemati-
cal model is scientifically unsound, any
further derivations made from it are
mathematical garbage, from a scientific
standpoint. We will, however, comment
on misconceptions and confusions in his
section on ‘‘Two-Dimensional Settling
Basin.”’

The hypothetical cross-flow basin is
assumed to be fed at y=0 and
0< =x< =L. This establishes that the
concentration at y=0 is identically the
feed concentration through the entire
depth of the basin. Since under his model
concentration it is a function of x only,
this entails that the concentration in the
settling column is everywhere the same
as that in the feed, and many of his sub-
sequent derivations assume this restric-
tion. It is possible for the solids to
collapse directly from feed concentration
into compression, but only if the feed
concentration is the limiting one. It is
not true in general, and Concha’s model
is not consistent with a cross-flow basin.

Concha writes, ‘‘Therefore, the steady-
state sedimentation on a two-dimen-
sional settling basin may be represented
by the Kynch equation for batch sedi-
mentation, if the following two require-
ments are met: x=g,¢ and g, is
independent of x.”” One has to guess at
what point and under what conditions
he means x and ¢ to apply, but presum-
ably he refers to the x coordinate of the
liquid-suspension interface as a function
of time. g, is by definition the x com-
ponent of g, earlier defined as
¢v,+ (1 —¢)v,, which is the system ve-
locity. In a batch sedimentation, the sys-
tem velocity and thus also its x
component are both 0, unless the test is
performed in an elevator, in which case
it is identical to the velocity of the ele-
vator. In batch test coordinates, how-
ever;.q, is identically zero. Therefore, the
equation x = g, ¢ implies that the interface
does not change with time, and thus the
solids are not settling at all. Under these
conditions, g, will indeed be independent
of x, since it is everywhere zero. In a
continuous operation, if the interface
subsides with respect to system coordi-
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nates at the same rate as ¢,, then again
the solids cannot be settling. Obviously,
these derivations are doubly divorced
from all physical or scientific reality.

Item 9. The same is true for the de-
rivations in the section ‘‘The Area Prin-
ciple/Thickener Operation/Cross-Flow
Model.”’

Concha’s Eq. 19 could have been writ-
ten for his model directly by inspection
without mathematical meandering, if the
logical relationships had been recog-
nized. The definition of f, is Q,/S. f,and
g, are not independent of x, unless the
column has a constant S.

Equation 20 gives the area S in the
column at the underflow level (assuming
underflow is removed uniformly over the
entire area), but not at any other level
unless S is constant.

The equation following Eq. 20 does
not correspond to Eq. 5 of the article,
in that Eq. 5 contains Q, not Q, (see note
given earlier).

Concha asks what relationship exists
between A4, and thickener area A. This
was pretty much covered in the section
“Thickener Operation”’ of the paper. A,
is the area that would be necessary for
the characteristic to emerge at the pulp-
supernatant interface and disappear. It
is independent of the thickener area. If
A, is greater than A, the characteristic
simply does not emerge.

Concha next returns to the question
of inclination and divergence of flow
vectors. It is not clear exactly what prob-
lem he sees, but it can be pointed out
that if flow vectors could not diverge,
flow could not spread out radially in a
circular thickener. Continuity equations
(Egs. 7 and 8) do not bar divergence of
flow lines, rather they constrain fluxes.
As to inclination of the flow vectors, that
has been treated above. If the bottom of
the basin inclines, then the flow vectors
would also have to be inclined. In this
case, the fluid dynamic situation is in-
deed complex, but the area principle
makes it unnecessary to deal with this
complexity for determining basin area
demands.

Item 10. Concha writes, ‘‘in this sec-
tion (Unit Area by Extrapolation), Fitch
gives a contradictory definition of the
‘free-settling rate’.”” He seems totally
confused. In the first place, the defini-
tion of ‘‘free-settling’’ apparently attrib-
uted to the section by Concha is not given
there or anywhere else in the article. Free-
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settling rate u* is defined (after correct-
ing the typo) by the equation:

u*=Kglp;—p)c/p

which is fully consistent with the defi-
nition given in the Notation. Settling rates
were defined as: ¢‘First, it should be noted
again that settling rates are here defined
as particle velocities in a coordinate sys-
tem, in which the total volumetric flux
(solids + liquid) is zero, i.e., in batch
settling coordinates.”” Free settling rate
or u* is thus the solids velocity in batch
coordinates in the absence of compres-
sion gradients. The fact that free-settling
rate is defined as the value that would
be obtained in batch settling does not in
any way restrict the use of this value in
equations relating to other than batch
settling, as indicated by Concha. The
contradiction noted by Concha is thus
between the definition given for ‘‘free
settling’’ in the article and his own pri-
vate one. There is not a contradiction
within the article.

Concha repeatedly quibbles about ter-
minology. There is no lexical authority
defining the meaning of such terms as
“free settling.”” They mean what they are
used to mean. This is given by a defi-
nition in the article, or by customary
usage in the art. Free settling was not
only defined in the article, but has been
used in the thickening art for at least
three quarters of a century with the same
meaning. The term ‘‘hindered settling”’
was not used. In the ore-dressing art,
“free-settling’’ has been used for just as
long to denote settling of single particles,
and settling in suspensions has been
termed ‘‘hindered settling.”” It would
take a certain intellectual bigotry to hold
that either one was the ‘‘correct’” mean-
ing. The same principle applies to other
terms Concha questions.

Item 11. If G has everywhere the
value 0, the final equation in Concha’s
criticism becomes equivalent to both the
equation given for minimum compres-
sion depth in the article and Concha’s
corresponding equation. They differ only
in the lower limit of integration. How-
ever, if ¢, is not higher than c,, the dif-
ferential (dx/dc)* will have the value zero
between ¢, and ¢.. One will get the same
answer no matter which is used for the
lower limit. It is not at all clear why Con-
cha deems the equation wrong.

It has been shown that Concha’s crit-
icisms are based on misconceptions, mis-
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representations, and misinterpretations.
They are totally refutable. His thickener
model is fluodynamically unsound, and
his derivations are irrelevant to what is
presented in the article. He has not dis-
closed any errors other than one typo-
graphical one.

Notation

Concha uses a different notation in his
critique than was used in the article. This
leads to some duplication and confusion.

A = cross-sectiona!l area (S in Con-
cha’s Notation)
A, = area covered by characteristic
in steady-state thickening
¢ = volume fraction solids (¢ in
Concha’s Notation)

¢, = initial concentration

¢, = upper conjugate concentration

G = settling flux

K = Darcian permeability

L = height of compression interface

Q = system flow

Q, = solids flow

g = system velocity

g, = X component of system veloc-

ity
S = free-settling flux, cu*

u* = settling rate in the absence of
pressure gradient, with respect
to batch settling coordinates

vy = propagation rate of Kynch
characteristic with respect to
system

v, = velocity of liquid
v, = velocity of solids
v, = velocity of system due to un-

derflow withdrawal
(dx/dc)* = inverse of concentration gra-
dient in a batch test after sub-
sidence is complete
distance in direction of settling
distance perpendicular to x
density of fluid phase
density of solid phase
viscosity
solids pressure
volume fraction solids (Con-
cha’s Notation)

(LIt I
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To the Editor:

Fitch’s analysis of the free-settling re-
gime in continuous thickening (October
1990, Vol. 36, p. 1545) appears on first
reading to be an extension of his classical
1956 analysis of the clarification process.
As in this earlier analysis, two-dimen-
sional flow in the free-settling concen-
tration range is considered here. Unlike
the earlier analysis, however, spread of
a concentration gradient into the two-
dimensional region is allowed. This leads
to the development of a modified design
procedure that occupies the remainder of
the article.

It is difficult, however, to follow the
author’s argument, and to see if the anal-
ysis is actually two-dimensional. The ob-
servations made under ‘‘Relationships
between Batch and Continuous Thick-
ening’’ are essentially the same as those
arising from the one-dimensional anal-
ysis of Font (1990), I discussed earlier
(1990).

Under normal operation, the bulk of
the incoming liquid leaves as overflow,
while the remainder, together with (ide-
ally) all the solids, leaves with the thick-
ened underflow. Under the laminar flow
assumption inherent in the analysis un-
der discussion, the underflow liquid will
be a lower layer (in a rectangular thick-
ener) at the inlet weir, and the upper
portion of the flow will be destined for
the overflow. The boundary between
these two liquid streams will be (in a two-
dimensional elevation) the ‘‘lowest over-
flow streamline.’”’ The primary require-
ment for complete clarification (as dis-
tinct from thickening) is that, for a
vertical element of overflow liquid pass-
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Figure 1. Flux plot.

ing from inlet to outlet, solids entering
at the top are able to settle to the bottom,
crossing the lowest overflow steamline,
before the exit is reached.

The criterion for complete removal of
solids of given settling velocity is that the
overflow liquid flux not exceed the set-
tling velocity. This was originally deter-
mined by Hazen (1904) on the basis of
a highly idealized flow pattern. Fitch
(1956) showed that the criterion also ap-
plied under much less restrictive as-
sumptions about the flow.

If the operating conditions are such
that the full clarification capacity of the
thickener is used, solids leave the over-
flow stream uniformly over the whole
horizontal cross-section. If the clarifi-
cation capacity is not fully utilized, how-
ever, solids leave the overflow stream
over only part of the area; but, as the
solids progress downward after leaving
the overflow stream, it is to be expected
that they will spread out over the re-
mainder of the cross-section. It appears
that it is this spreading process that the
author is addressing in his two-dimen-
sional analysis of the free-settling re-
gime, rather than the flow in the overflow
stream.

The situation can be illustrated on the
standard Yoshioka flux plot used for
analyzing the thickening process, as
shown in Figure 1 here and used by the
author (Figure 13). On the assumption
of uniform downward plug flow of liquid
and solid in the thickening process, there
is a straight operating line relating solids
settling flux cv and concentration ¢. The
slope is —uv,, the abscissa intercept c,,
and ordinate intercept solids throughput
flux, Q,/A. (Q is shown as solids flow
under the Notation in the Fitch article,
but it appears that this should be Q,, as
used in Eq. 6. Q is total volumetric flow
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COMPRESSION

Figure 2. Calculation of horizontal
profile at a given level.

rate, as implied through Figure 2 and the
derivation of Eq. 5.) The operating line
has a single intercept with the no-
compression settling line, cu* vs. ¢, at
concentration ¢;. For fixed Q,/A4 and c,,
the feed concentration ¢, must be greater
than or equal to ¢; for the clarification
capacity not to be exceeded. If ¢, satisfies
this criterion, as in the figure, the clar-
ification capacity is used only partly, and
solids leave the overflow stream over
fraction AB/AC of the area.

As 1 asserted previously (1977, 1985,
1988), while free-settling conditions pre-
vail (that is, while the solids are suffi-
ciently far from the sediment not to be
retarded by it), the solids stream can de-
crease only in concentration, approach-
ing ¢;, during the spreading process. The
forces acting under free-settling under
these conditions are such that the solids
are accelerated and decrease in concen-
tration. ¢; is the only concentration for
which the no-compression settling flux
matches the flux demanded by the ma-
terial balance.

It appears that the primary aim of the
author is to show that, contrary to the
above, concentrations higher than ¢, can
form in the free-settling zone of a con-
tinuous thickener. For batch thickening,
starting at ¢, as shown in Figure 1, the
spread of concentration gradients into
the free-settling zone is predicted by
Kynch kinematics [based on the
u=u*=u*(c) assumption], since ¢, is in
region 2 or 3. (This assumes that there
is @ maximum concentration at or close
to ¢,). On the other hand, ¢, is in region
1, and so no gradient formation is pre-
dicted if the solids spread over the cross-
section and thin to this concentration.

In Figure 3 of the Fitch article, the feed
is treated, it seems, as a point source at

September 1991 Vol. 37, No. 9

the top lefthand corner. The solids spread
over the cross-section, as they move
downwards. Essential questions to be
asked are: What are the assumptions
made about the liquid flow? Where is
the lowest overflow streamline assumed
to lie? These questions are valid, since
above the lowest overflow streamline the
liquid flow is predominantly horizontal
toward the overflow point, while below
the lowest overflow streamline it is pre-
dominantly vertical toward the under-
flow offtake.

The author’s consideration of a ver-
tical column of suspension moving from
left to right suggests a column of over-
flow liquid, from which solids settle, as
in the original Hazen plug-flow clarifi-
cation model. However, the author also
assumes a uniform downward velocity v,
throughout the feed zone, which suggests
flow below the lowest overflow stream-
line. The two are incompatible.

It seems that the clarification process,
in fact, is being neglected: the lowest
overflow streamline is assumed to pass
between feed and overflow points close
to the top surface. Thus, the thickener
operates well below the clarification
limit; the solids pass below the lowest
overflow streamline close to the inlet
point; essentially the whole of the feed
zone is taken to be occupied by liquid
and solids that will pass out with the
underflow.

This flow pattern, however, is not pos-
sible; it involves discontinuities at the side
boundaries that cannot be avoided by
any reasonable assumption. As a column
progresses to the right, liquid and solids
must progressively leave it, as they are
distributed over the cross-section. The
envisioned passage of effectively batch
settling columns from one side to the
other means that all the underflow liquid
and solids are deposited against the far
side of the thickener. (Under steady-state
operation every entering column moves
in the same way.)

The inconsistencies in this view of the
process can be seen more directly by con-
sidering whether material balance is sat-
isfied under the equations developed in
the Fitch article.

Before considering the details of this,
some comment is needed on the velocity
of the constant-concentration character-
istic, v,. The evaluation of v, is not men-
tioned in the article, but presumably a
one-dimensional expression is used. With
Q as the total volumetric flow rate, Eq.
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5 indicates that v, is the vertical com-
ponent of the velocity of a constant-con-
centration surface relative to the bulk
velocity. How is this determined in two-
dimensional flow?

Relative to coordinate axes moving
with the bulk velocity vector v,, the solids
continuity (or material balance) equation
for a general point can be written as:

dc
E=—V-(m)+up-Vc )
where u is the settling velocity of the
solids at the point, and u, is the velocity
of the point itself, both relative to v,,.

Thus, the motion of a constant-con-
centration point (dc/dt=0) is given by
(u, becomes v,):

v, Ve=V-(cu) (2)

that is, the velocity of the point is such
that its scalar product with the concen-
tration gradient equals the divergence of
the solids settling flux.

For one-dimensional thickening this
reduces immediately to:

d(cu)
%= g

3)

Thus, under the ¥ =u*=u*(c) assump-
tion, a surface of fixed concentration
moves with fixed velocity. Presumably,
the author takes v, as evaluated from Eq.
3.

However, in more than one dimen-
sion, vectors v, V¢, and u will generally
have different directions, so that there is
no simple expression for v,. Being a sca-
lar equation, Eq. 2 cannot alone yield
separate expressions for the vertical and
horizontal components of v,. Even under
the u=u* assumption, the vertical com-
ponent of v, will not generally be con-
stant.

Using x for vertical direction and y for
horizontal in two-dimensional rectan-
gular Cartesian coordinates, Eq. 2 with
the u,= u*(c) assumption and u,=0 is:

ac+ %_d(cu*)ﬁ
Viee 3y T Voo dy  dc dx

@

This will only reduce to Eq. 3 if v, or
dc/dy is zero. Neither will be the case in
general; and from the discussion in re-
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lation to Figure 3 it appears that the au-
thor is assuming neither of these.

So there is a question about the correct
evaluation of v, and its constancy. How-
ever, assuming that v, can be evaluated
by the one-dimensional equation, the
predictions of the author’s analysis can
be examined further.

Consider any level in the feed zone
(Figure 2). Solids pass through part of
the cross-section; and over this part the
total solids flow Q; relative to the equip-
ment must be the same as that at every
other level. On the horizontal line in the
solids region, the concentration varies
according to the analysis presented from
the feed concentration ¢, at the lefthand
wall, to some concentration ¢, say, at
the boundary with the clear-liquid re-
gion. For a given value of ¢,, the value
of v, (v, say) is obtained from the slope
of the cu=cu*(c) curve at this concen-
tration and the area A, occupied by sol-
ids at this level from the author’s Eq. 5.

To calculate the total solids flow
through the solids-occupied area at the
level being considered, the variation in
concentration and settling velocity along
the horizontal line to the wall must be
determined. Let the conditions at the
righthand end of the solids region, point
1, be used as reference. To avoid un-
necessary complications, assume the sed-
iment to be incompressible. Thus, each
characteristic starts at the bottom of the
column when it is in its leftmost position.
The time ¢, taken for concentration c, to
move through the column of suspension
equals the time taken for the column to
move from the wall to position 1 and is
given by:

L=(1+2))/ vy

while

Z]=t1'U,,

since the column is simultaneously mov-
ing downward at velocity v,.

Now consider a point at a distance
from the wall that is fraction x of the
distance to point 1. Since the horizontal
flow velocity is taken as uniform, the
time ¢, taken to reach this point and the
distance z, that the column will have
moved down are given by:

te=x.t;=x(y; +2,)/ vy and z,=x.7;
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so that

_ntxz va-(1-x,
xt, X

3

Ukx

Then, the concentration at point x is that
for which v, has this value and which will
be determined by the slope of the
cu=cu*(c) curve or the slope of the tan-
gent from the initial concentration to the
cu* curve, if the concentration lies in the
range covered by this tangent. If there is
no concentration with so large a value,
however, no characteristic will have
reached the point, and so the concentra-
tion will be the initial value c,.

Having determined the horizontal pro-
file at the level being considered, the total
solids flow rate can be calculated by in-
tegration:

1
Q.= Au| et +v).dx
0

If the analysis proposed by the author is
correct, then this should be the same as
Q, used to calculate vy, that is, it should
be the same as:

Q= Ali

In other words, if the analysis is correct,
the following identity should be satisfied:

1
U= S cluy +v,).dx 6
0

for any chosen value of c;.

Since v, depends on a point vaiue of
the cu* =cu*(c) slope, while the right-
hand side involves the integral of values
calculated via Eq. 5, clearly this will not
be satisfied for a general cu*=cu*(c)
shape.

Given the many inconsistencies in the
argument, the author cannot claim to
have established that free-settling con-
centration gradients involving values
greater than ¢, develop during continu-
ous thickening. The spreading process
undergone by the solids after settling
from the overflow stream is a complex
process, and not amenable to any simple
analysis. There is no doubt in my mind
that the primary tendency is for thinning
rather than thickening, until additional
solids retardation (compression) is ex-
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perienced as the sediment is approached.

Apart from the question of concen-
tration gradient development, the ulti-
mate model produced by the author is
one-dimensional, as mentioned above.
The settling is considered to occur as
though in a column that is uninfluenced
by adjacent columns. The fact that the
column is considered to be moving hor-
izontally ultimately has no effect on the
results; essentially a one-dimensional
picture emerges. The only purpose served
by the two-dimensional considerations is
to assert that, contrary to normal one-
dimensional analysis, concentrations
greater than ¢, spread into the free-set-
tling zone. There does not appear to be
any reference to Eq. 3, for example, later
in the article.

As noted at the outset of this discus-
sion, what appears to be the final con-
sequences of the two-dimensional
analysis are essentially the same as those
arising from Font’s one-dimensional
analysis. In the latter, the instantaneous
sediment height during batch settling and
its rate of increase are related to the sed-
iment height in a corresponding contin-
uous thickener (assuming one-
dimensional plug-flow in the latter). The
correspondence is obtained by equating
dL/dt in the batch case with v, in the
continuous case. It is concluded that the
sediment height is generally greater in the
batch than in the continuous case, as
noted by the present author.
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Reply:

Dixon’s criticisms, like those of Con-
cha, are based on misconceptions and
misinterpretations, but not on the same
ones.

The principal contention in Dixon’s
letter seems to be that Kynch character-
istics will not propagate upward through
the suspension as it spreads out in the
feed zone. It is asserted that ‘. . . .the
solids stream can only decrease in con-
centration, approaching c;, during the
spreading process.’” This would be per-
mitted by a one-dimensional mathemat-
ical model, but does not represent what
would happen in a feed zone, which is,
as a matter of empirical fact, two-di-
mensional. The letter’s model of a feed
zone (and of several others historically)
would be about as shown in Figure 1. In
a purely one-dimensional model the feed
would have to be introduced uniformly
over the entire area, but Dixon’s model
assumes that it is introduced as an input
stream and immediately spreads out over
the entire area at feed level. As it spreads
out the solids “‘thin’’ to concentration ¢,
and settle through a zone of this con-
centration to the subjacent compression
zone, historically ¢; has been termed the
“‘lower conjugate concentration.”’

Fallacy of the lower conjugate con-
centration zone

The lower conjugate concentration
zone is discussed in considerable detail
in Fitch (1972). One-dimensional zone
settling or Kynch theory permits only two
free settling concentrations to exist at
steady state in a thickener. One is that
of the critical zone, which will not exist
if the thickener is not overloaded. The
other is the lower conjugate concentra-

. Upper Conjugate Zone

Figure 1. Physical interpretation
of Dixon mathematical
model.

September 1991 Vol. 37, No. 9

tion, which has been shown to be un-
stable.

One-dimensional continuity would de-
mand that the lower conjugate concen-
tration exist between the feed point and
whatever higher concentrations exist be-
low. But there is no necessity to assume
one-dimensional continuity. And many
thickeners show a mud line far below the
feed point with clear supernatant above,
at least near the periphery where samples
are commonly provided, so a lower con-
jugate concentration empirically does not
have to exist.

If feed is more concentrated than a
lower conjugate concentration, there is
a large body of literature in the civil en-
gineering field, which recognizes that it
will plunge to the bottom of such a zone
like a submerged waterfall as a density
current (for example, Sawyer, 1956; Fitch
and Lutz, 1960).

For a more complete discussion of the
matter refer to the cited articles. The con-
clusion is that the flow pattern shown in
Figure 1 cannot exist at steady state in a
thickener. You cannot float a zone of
higher concentration over one of lower
concentration. Such a pattern is hydro-
dynamically unstable. Thus, the
“‘thinned”” zone of concentration c; en-
tailed by Dixon’s model cannot exist in
a real thickener. As noted in the intro-
duction to the subject article, “‘New feed
suspension, which contains settleable
solids and therefore is denser than the
supernatant, plunges as a submerged wa-
terfall to its level of hydrostatic equilib-
rium. There it spreads out horizontally
as a density current, either just above the
compression zone or above a critical zone
if one exists.”’

Kynch characteristics

If, as required for hydrodynamic sta-
bility, the feed plunges to its level of hy-
drostatic equilibrium and there spreads
out, it will be bounded below by a zone
of higher concentration, normally a
compression zone. Thus, there is a
boundary or front between the feed cur-
rent and the subjacent compression zone.
In the boundary layer, all concentrations
between that at the bottom of the feed
layer and that in the subjacent zone will
be present. If the concentrations are such
that Kynch characteristics can arise, they
will do so and propagate upward through
the feed layer as it spreads out. There is
no way the feed layer could thin out by
collapsing into the compression zone.
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The velocity at which a characteristic
would move through the feed layer would
be the vector sum of two components:
the velocity v, at which the characteristic
propagated with respect to the suspen-
sion in its neighborhood; and the trans-
port velocity of the neighborhood. The
propagation velocity of a Kynch char-
acteristic, like any velocity, is a vector,
but in the absence of lateral accelerations
is always vertical and is constant by def-
inition for any given characteristic. It
thus has no horizontal components and
is independent of the transport velocity.
It will be the same in a two-dimensional
feed zone as it would be in a one-di-
mensional batch test. For example, in a
batch test, the characteristic would prop-
agate at the same velocity relative to the
column even if the test were being carried
out in a railway car traveling at any con-
stant lateral velocity. vg is not, as as-
sumed by Dixon, a velocity relative to
v,, but relative to the local transport ve-
locity, whatever it may be at the point.
In the cross-flow model it will be relative
to a velocity whose x component is v,.
The transport velocity, on the other hand,
will be a function of the flow patterns.
In a one-dimensional model it will be
vertical and equal to v,. In the hypo-
thetical cross-flow model it will have an
Xx component equal to v, and a y com-
ponent that is also constant. In a real
thickener it will vary widely from point
to point.

In areal thickener the feed layer would
have a complex flow pattern and shape.
It would have to satisfy both hydrody-
namic and particle dynamic constraints.
Calculating the flow patterns and the
concentration existing at any point would
therefore be extremely complicated.
However, for thickener design purposes
it would be unnecessary and pointless.
Because of the area principle, the area
demands for the feed zone will be in-
dependent of the flow pattern. The depth
of the density current will not be, but is
not a significant factor in practical de-
sign.

The cross-flow model

While we cannot practically determine
the actual flow patterns in the feed zone,
we can assume a hypothetical flow pat-
tern and solve for its area demands. Be-
cause of the area principle, the area
demands thus calculated will be also valid
for the actual flow pattern, whatever it
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Figure 2. Flow pattern in cross-flow
model.

may be. Our aim in this article, as in
nearly all of my other articles, is to im-
prove and facilitate thickener design pro-
cedures. We would like to relate the area
demands of a real thickener to results
from a batch settling test. Therefore, we
arbitrarily choose a flow pattern for our
hypothetical feed zone that will appear
and can be treated as one-dimensional in
Lagrangean coordinates. As shown in the
article, in such a coordinate system the
two-dimensional behavior resembles
batch settling closely (but not precisely).
For determining area demands it can be
treated as one-dimensional. That is what
is done in the cross-flow model de-
scribed.

It should be fully realized that the
cross-flow model does not purport to be
a possible one for the actual flow pat-
terns in a thickener. It is, for one thing,
hydrodynamically unstable completely.
As Dixon notes, ‘“it involves discontin-
uities at the side boundaries that cannot
be avoided by any reasonable assump-
tion,”” but the area principle is not re-
stricted to real models or to ones that are
hydrodynamically sound. The hypothet-
ical flow patterns need only to satisfy
material balance. Hydraulically the cross-
flow model bears little resemblance to
the actual flow patterns in the thickener,
and what limited relevance this com-
pletely hypothetical model has to the real
flow pattern wold not be apparent with-
out first establishing the area principle.

In the cross-flow model, by definition,
all flow vectors in the feed zone are equal.
As recognized by Concha, this entails
that the feed is introduced uniformly over
the entire depth of the feed zone, ‘. . . .
the feed enters homogeneously at y = 0,
0< =x< =L.” The feed could not pos-
sibly be restricted to y=0, x=0, as “a
point source at the top left corner’’ as
incorrectly inferred in Dixon’s letter. For
those who fail to perceive this, Figure 3
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of the subject article might be mislead-
ing. Figure 2 of this response is, there-
fore, given to explicate more clearly the
assumed flow patterns.

Above the boundary between feed and
compression zones the flow lines slant
downward to the right, in accord with
the assumptions of the model. Below the
boundary they are vertical, as required
by the omne-dimensional flow assumed
there. Flow lines reaching the boundary
in the feed zone lose their y component
of velocity, but retain the x component.
Flow, including solids and liquid, is taken
uniformly from the bottom of the feed
zone, and this flow past the boundary is
necessary for material balance. If it did
not exist, the downward flow postulated
in the compression zone would have no
source.

Dixon’s ‘‘lowest overflow streamline’’
is marked a--b in this response. It does
not, as in Dixon’s interpretation, ‘. . . .
pass between feed and overflow points
close to the top surface.”’ First, neither
feed nor overflow occurs at a point in
the cross-flow model, although it would
do so in a real thickener. Second, the
lowest overflow streamline is at no point
anywhere near the top surface. Its origin
is just above flow lines destined for the
underflow, and its termination is at the
bottom of the feed zone. Further, it is
not true, as Dixon states, that ‘‘above
the lowest overflow streamline, the liquid
flow is predominantly horizontal, . . . .
while below the lowest overflow stream-
line it is predominantly vertical.”” The
streamlines below the lowest overflow
streamline have the same slope in the feed
zone as they do above it. The concen-
tration of the solids crossing this flow
line at any point is that of the Kynch
characteristic surfacing at that point and
thus is highly variable. Since all we hope
to discover from the cross-flow model is
the maximum possible solids flux, all we
are interested in is the fully-loaded con-
dition. Under this condition, the last of
the solids crosses this lowest overflow
streamline just as it reaches the effluent
side of the hypothetical basin. All the
solids will then have crossed the line,
and clarification requirements are fully
satisfied.

Dixon asserts, ’‘however, the author
also assumes a uniform downward ve-
locity v, throughout the feed zone, which
suggests flow below the lowest overflow
streamline. The two are incompatible.”
Material balance requires that if there is
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a downward velocity component v, in the
feed zone, then in a thickener of constant
area this velocity component must exist
at all levels, including those below any
streamline such as the lowest overflow
one. Thus, the flow pattern postulated
by Dixon does not satisfy steady-state
material balance.

The misinterpretation of the flow pat-
tern actually presented in the article is
further evidenced by the following state-
ment: ‘‘The envisioned passage of effec-
tively batch settling columns from one
side to the other means that all the un-
derflow liquid and solids are deposited
against the far side of the thickener.”
Under the flow pattern postulated in the
article and shown in Figure 2 of this
response, all the underflow liquid and
solids are transferred into the compres-
sion zone uniformly as the settling col-
umns pass across the basin. Assuming
that the thickener is not underdesigned,
all that is left in the feed zone at the
discharge end is supernatant. This is also

clearly shown in Figure 3 of the article.

The calculations in the letter purport-
ing to show inconsistencies in the article
are based on a misconception. The letter
asserts, ‘‘solids pass through part of the
cross-section, and over this part the total
solids flow Q; relative to the equipment
must be the same as at every other level.”’
This is the misconception. The solids are
originally distributed uniformly from top
to bottom of the feed zone at the lefthand
or influent side. The solids originally be-
low any given level in the equipment do
not have to settle through it. Therefore,
the total solids flow past one level in the
feed zone will not be the same as that at
another level.

Dixon has resurrected the one-dimen-
sional concept of a lower conjugate con-
centration. Because he has no doubt
as to its validity, he uses it to challenge
that Kynch characteristics can propagate
upward through the density current in
the feed zone. Although the lower con-
centration zone model can satisfy ma-

terial balance, it is shown theoretically
that it would be unstable hydrodynam-
ically and is contraindicated empirically.
It cannot be cited validly as a counter-
example. So, ‘‘given the many incon-
sistencies in the argument,’’ the letter
writer ‘‘cannot claim to have established
that free-settling concentration gradients
involving values greater that ¢,”” do not
develop during continuous thickening.”’
The criticisms embodied in the letter de-
rive from misconceptions and/or mis-
interpretations, and are not relevant to
what was actually printed. Like those of
Concha, they do not disclose any errors
in the article.

It is hoped that this response will aid
those who have difficulty following the
logical arguments in the article.

(Note: For the notation and literature
cited, see Fitch’s response to Concha’s
letter.)

Bryant Fitch

1570 Oak Street
Napa, CA 94559
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